Introduction
In this paper, we shall consider the translationally quasi-invariant measures on infinite-dimensional linear topological spaces, especially on a rigged Hilbert space Ec:Hc:E*. Let \.i be a measure on E*. We say that a measure \i is quasi-invariant, if n(A) = Q implies ^(A + e) = Q for all eeE*. After this definition, in the finite dimensional case we can characterize \JL as the Lebesgue measure modulo equivalence of absolute continuity. But in the infinite-dimensional case this definition is unsuccessful, because there does not exist such measure except trivial one. On the other hand if we consider only those translations which are defined by the elements of E or H, then there exist continuously many quasi-invariant measures which are singular with respect to each other. However the only explicit known example was the measure of Gaussian type up to the present time. But here we shall give two examples of translationally quasi-invariant ergodic measures which are essentially different from Gaussian ones. This is the purpose of the present paper. The author thanks to Professor H. Yoshizawa for the many valuable comments. §1. Preliminary Discussions Throughout this paper, all Hilbert spaces are real and separable. We follow the usual terminology in the infinite-dimensional measure
Communicated by H. Yoshizawa, November 11, 1974. Department of Mathematics, Fukui University, Fukui, Japan. theory. Let E be a Hilbert space with the scalar product <e,f> E and H be another Hilbert space with the scalar product <h y g> H . Assume that E is contained in H as a dense subspace and the natural injection is a Hilbert-Shmidt operator. Let E* be the topological dual space of E. Then, identifying H with H* 9 we can assume EcHciE*. We shall denote the value of x e E* at e e E by x(e).
For the most part of this paper, the discussion will be performed in this situation, so we shall state briefly the basic definitions and theorems with respect to the measure space on E*. The general arguments are found in [1] . Let fi be a d-finite measure on the Borel cr-field 23(E*), which is generated by all open subsets in E* 9 $ be a linear subspace of E* and T^JM be a transformed measure of ^ for <pE<&.
for all A e »(E*) .
Definition LI. A measure \i on 23(E*) is called ^-quasi-invariant, if and only if T^^/I holds for all
Here the relation ^ means the equivalence relation of the absolute continuity, while }.ii<^2 means that /^ is absolutely continuous with respect to p 2 . As any o"-fmite measure is equivalent to a probability measure, we shall only consider a probability measure from now on. Let e l9 e 2 ,..., £",... be elements in E, which are linearly independent and span the whole space E. Let n n be the mapping from E* to R n such that and fi n be the image measure of u. by the map n n for each n. Then we can state a simple criterion for equivalence in the following theorem. 
Remark 1. In order that g is a G-additive measure on 2?(£*), it is necessary and sufficient that S is a Hilbert-Shmidt operator.
This is an assertion of the Sazanov's theorem. See [2] .
Remark 2. // S is a degenerate operator, then g is not an Equasi-invariant measure.

Remark 3. // a Gaussian measure is E-quasi-invariant, then it
is also an E-ergodic measure. Further, under the above assumption,
Proof. Without loss of generality, we can assume x 0 = 0. First of all we remark that for yeE*, t y g -g holds, if and only if y is continuous with respect to the semi-norm \\Se\\ E . This assertion can be found in [3] . Now we prove the necessity. If g is strictly-E-quasi-invariant, then for any xeE there exists some yeE such that (2) <y, Se> E =<x,e> H for all eeE by the above remark, and y is unique for each x, as S is a non degenerate operator. Thus we can define a map T on E, x-+y, then T is closed one to one and onto (in virtue of the strict-E-quasi-invariance), therefore the closed graph theorem assures that T is a homeomorphic operator on E. Next we take a c.o.n.s. (complete orthonormal system) e l9 e 29 ... 9 e n ,... in E. Substituting e j for x in (2), we get <Te j9 Se>% = <e j9 e>]f and summing up over j, we get ||T*Se|||=||e|||* for all eeE. As also T* is a homeomorphic operator on E, we get from the above equality,
Conversely suppose that the inequality (1) Here we put and W ' = • Then in order that {ff n (n n (xj)} forms a Cauchy sequence, it is necessary and sufficient that Yl™=iP(Wj) converges to a non zero number, which is equivalent to £jP=i(l -p(w j -))<oo. Therefore we have only to estimate its order at 0. After some calculations, we get p(w) = 1 + 1/2 p"(6w)w 2 , p"(Q) = -1/8 (0<0<1) and p"(w) is a continuous function of w. Thus, 1-p(w)= 0(w 2 ) (w-»0). From this we get a desired conclusion.
Q.E.D.
From now on we put a 7 .= ||^||J for all j. Then the measure A 0 corresponding to {||e/||jf} has the following properties in virtue of the preceding Lemmas.
(1) A 0 is a a-additive probability measure on S(£*) and A 0 (H) = 0.
(2) 1 0 is a strictly-E-quasi-invariant measure. then for each 7, and Lemma 3A A 0 fs an E-ergodic measure.
Proof. For the proof of ergodicity, we refer the following proposition. (P)* Le^ 3^ = ^i^iH -----h^e n eE. Then in order that A 0 is E-ergodic 9 it is sufficient that there exists Borel function f n for each n such that In the present case this condition is assured by (6) Proof. The first part was proved by the preceding several Lemmas. As for the second part, if >1 0 is not singular with respect to some Equasi-invariant Gaussian measure g with mean vector x 0 eE* and variance operator S, then by Theorem 1.1 and by Remark 3 after Definition 2.1, g must be equivalent with A 0 . So g is a strictly-E-quasi-invariant measure. Thus, g(H + x 0 ) = l in virtue of Theorem 2.1. But on the other hand Lemma 3.5 shows that /l 0 (H + x 0 ) = 0. Therefore 1 0 must be singular with respect to g.
Q.E. D. 
Here we put Then, and 1 -pj=O(wj) (W,->0), where w J -= /7 J -/a </ . From the above arguments we conclude that, in order that {ff n (n n (x))} be a Cauchy sequence in LJ(£*), it is necessary and sufficient that {^-/a,-} e / 2 . Q.E. D.
From now on, we put a/=||e/||H for each 7 and denote the corresponding measure by v 0 . We call it Laplace type. Then v 0 has the following properties. Returning to the proof of (4), if v 0 is not singular with respect to an £-quasi-invariant Gaussian measure g with mean vector x 0 e£* and variance operator S 9 then v 0 and g must be equivalent with each other as before. Therefore g is a strictly-H-quasi-invariant measure. But Lemma 3.7 shows that there exists a set A such that g(A + Xo)=Q, while V O (A + XQ) = I. This is a contradiction.
